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Preliminary Note on the Operational Invariants of a Binary 

Quantic. 

By Major P. A. MacMahon, D.Sc., F.B.S. 

(Beceived October 8, — Read December 12, 1907.) 

My object is to present a theory of operational invariants for the binary 
quantic of order n. Many of the results that are here given have been 
explicitly or implicitly given in the works of Cayley, Clebsch, Gordan, and 
other writers, but not from the present point of view or in the convenient 
notation that will be adopted. Some quite new results are reached, which 
will be found to throw much light upon the work of others. 

1. In the algebraic theory we take the quantic to be 

a x n = (aiXi 4- ct2%2) n , 

and b, c, d, ... as alternative symbolic letters to a. We then have symbolic 
factors of two types, viz., the suffix type, a x , and the bracketed or determinant 
type (ah). In fact, for the substitution 

Xi = XiXi-t-yu-iX 2 , 

X2 = X2X.1 -j- /^2^2, 

the determinant of which is 

Xiyu-2— X 2 yU-i = (X/x) = A, 
we have a x n = A x n = (A1X1 -f A 2 X 2 ) n ; 

where Ai = a{\i + a 2 \2 = & A , 

A 2 = ai/jbi 4- a 2 fi2 = a^ 
(ah) = A-^AB). 
The real form of a x n is 

cio%i n 4- ( -j ) ai^i w-1 ^ 2 4- ( o ) <^2X\ n "~ 2 X2 2 + . . . 4- a n x 2 n . 



I write symbolically d a§ = ( ) &i n S *2 S , 






whence it is readily seen that «i, cc 2 

are cogredient to x h x 2 ; 

and that fi, f 2 

are cogredient to %, a%\ 
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and that thus we obtain the new invariant symbolic factors 

(xci), (*(3), (af), (ffy), 



£> £' a' § 



To make this clear, I write the symbolic letters in two rows — 

®> y,.z> «, A 7, , 

a, b, c, f, rj, t, , 

where «, y, 2, ..., «, j8, 7, ..., &, b, c, ..., f, 7;, f, ... are alternative letters 
respectively, and remark that all letters in the same row are cogredient, and 
that letters which are in different rows are contragredient. Determinant 
invariant symbolic factors are obtained from any two letters in the same row, 
and suffix invariant symbolic factors from any two letters in different rows. 

An invariant factor corresponds to every pair of letters, so that if there be 
p different letters, there will be 

(? 

invariant symbolic factors. 

As regards any two letters in the first row, the substitution gives 

{xy) = A (XY), 

the power of the modulus for transformation being unity. 
For any two letters in the second row 

(af) = A" 1 (AS), 

the power of the modulus being negative unity. For any two letters in 
different rows the invariance is absolute, e.g., x» = X g . 

In a symbolic product absolute invariance is secured when the number of 
determinant factors drawn from the first row is equal to the number drawn 
from the second. The power of the modulus is always equal to the excess of 
the number of such factors drawn from the first row over the number drawn 
from the second. 

We are now able to form a calculus of operational invariants. All the 
operational processes at present in existence, including those which produce 
ovectants, provectants, and emanants, the Aronhold process, the O process, 
and transvection, are included in the present enlarged symbolism. An 
invariant operator may or may not involve the variables x h x 2 , and it may be 
separable into two portions, one of which involves the variables, while the 
other does not. The different classes will present themselves for examination 
as the work proceeds. Those operators which do not involve £1 and £ 2 
may be homogeneous in the variables, and are then analogous to algebraical 
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covariants. The leading coefficient will then be found to have semi-invariant 
properties, and, of course, the same also may be said of the end coefficients. 

2. First consider the covariant (xa) n of the quantic a x n . In unsymbolic form 
it is 

Or X i n %a n — %i n ~ ^a^ +...(- ) n %2 n da , 

a covariant of order n and of degree —1, weight — n in the coefficients. 
Operating upon any algebraical covariant, it produces a covariant, and it is 
easy to see that, in many cases, it causes the covariant to vanish. For, if the 
operand be of 

(deg., weight, order) = {i, vj, e), 

it is transformed into one of 

(deg., weight, order) = (i — 1, w—n, e-f w), 

and vanishes for the cases 

i = 1, w < n, w = n + 1. 

Annihilation takes place when the number of determinant factors in the 
operand is n -f 1 or < n. 

In particular, a x n is annihilated and (n > 2), so is the Hessian ; and so on. 

In general, the symbolic factor (xot) is concerned with the process known 
as evection. 

3. Next consider the covariant operator 

aj> (xxYa a n ~P, 

which is lineo-linear in the coefficients, where p may be any one of the 
integers 0, 1, 2, ... ^ — 1. 

It has (deg., weight, order) = (0, — p, 2p), 

and therefore converts any covariant of characters (i, to, e) into one which has 
characters (i, iv—p, e + 2p). 

It is obvious that it annihilates any covariant operand for which w < p or 
w = p+1. It is merely necessary to observe that the coefficient of x\ e+2p 
vanishes, and this implies the vanishing of the form. Observe also that if 
i = 2, the form vanishes unless w—p is even. 

The case p = gives the single invariant operator which is lineo-linear in 
the coefficients, viz., 

«a* = I« = a Q da Q + a l d ai +...+a n da n . 

In order to exhibit to the best advantage the unsymbolic forms of these 
operators, I write, following as far as possible the notation adopted by other 
writers, 
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Oi = ^3^^-! 4" 2& R -iOa n __ 2 *+" * * • H" na $atf 

where, to explain. If f be a symbol to denote operation upon the symbols of 
quantity only, the differential Inverses being regarded as constants, 

2 ! 

— O3 = O-iyOijOi, 



! 



# » * * » 



— 2 = Oif Oi, 
1 3 = dfOatOi, 



* * » » » 



further write 

= Wi = «i4 t + 2M % + . . . + nOnPam 

where, to explain the formation, 

W 2 = WifWo, 
W 3 = WifWifWi, 



« ♦ # * * # 



Observe that the notation gives 

I further find it convenient to write symbolically 

W p = W>, 

so that I (W2-Wi)=Lj, 

|(W 3 -3W 2 +2W 1 ) = ( J). 



♦ »****» 



4 Whenj) = 1, 1 find, for ax($a)a* n ~\ the expression 

^ 2 Oi — ^1% (rcl — 2W) — «2 2 0i, 
which merits a careful study, as it is the simplest invariantive form which 
involves the well-known seminvariant operators Hi, Oi. 
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From the known properties of Oi, nl — 2W, and Oi it is clear that it 
annihilates every invariant of a x n . 

Also Ox annihilates the leading coefficient of every co variant. Hence, 
when a covariant <£/ is the operand, the term involving %i e+2 is absent, and, 
as a result, the operator annihilates also every covariant of a x n . 

Next, in the operator, put #1 = #2 = 1. We see that the sum of the 
coefficients of any covariant satisfies the equation 

X1 1 -( W I-2W)-0 1 = 0. 

The isobaric solutions of this equation are invariants. The symbolic form 
of this operator is 

(ch + a 2 ) (a 3 — ai) ^J 1 " 1 ; 

it annihilates (cf>i + </> 2 )*, 

if <£/ be any covariant. 

Any covariant </>/ = (<£ , <£i, $2), . . .]£#i, ^) e 

has the property that any three consecutive coefficients, 

satisfy the relation 

X2i<£,+2— (wl — 2W)^ (+ i- Oi^, = 0, 

wherein <£, with a negative suffix or with a suffix greater than 6, is to be put 
equal to zero. 

It will be noted that the operators Oi, Oi from their positions in the 
covariant are themselves seminvariants. 

Next take the Hessian of the covariant operator, viz., 

4Xl 1 0i + (^I-2W) 3 , 

where the multiplications are purely algebraical and not at all operational. 
We have thus an invariant operator of the second order, which will come 
under view later on in connection with Cayley's operators 

x 2 d Xj — Hi, Xid Xi — Oi. 

5. I pass to the case p = 2, which has the unsymbolic form 

^i 4 I2 2 



-^2 3 1 |^Y 1 )l-^w| 

+ ^2 4 2? 
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wherein the multiplications of operators are such that the left-hand operator 
is performed merely upon the literal coefficients of the right-hand operator, 
•and not at all upon the differential inverses. 

Ex.— W1O1 = Oi d ai + 2 a 2 d CUi + . . . ) (a^ + 2^3^ + . . . ) 

= 1.2 a x 3 % + 2 . 3 a 2 d as + ... , 
OiWi = (^3a w _! + 2a n -i3 fln _ 3 + . v ) fai^ + 2<% 2 3 % -f . , .) 
— l.n—l. ^A^ + 2.^—2. a n -i3a w _ 2 4- .... 

I note first that the operator always produces a covariant. 

X2 2 and O2 are seminvariants. £2 2 , for example, either annihilates a leading 
seminvariant or converts it into another one. In the former case the operator 
covariant causes the operand covariant to vanish : for 

<Q 2 = aScL 2 + 3a x 3 ft3 + ha 2 d (h + . . . , 

and the alternant of Xl x and 2 does in fact vanish. 

What seminvariants are caused to vanish by this operator 2 % The reply 
to this question is supplied by the theory of symmetric functions. For make 
the transformation 

a 8 = s I b s , 

so that the seminvariants are non-unitary symmetric functions of the roots of 

the equation 

hx m — hx m - l + b 2 x m ~ 2 — . . . = ; 

X2 2 is equivalent to &o3& 2 •+ &i9& 3 + &23& 4 + • . • > 

and this again to D1 2 — 2D 2 , 

where D = — (5 3 6l -f ^ + & 2 3& 3 + . . . )* . 

Take a non-unitary symmetric function — 

then D kl (Jcjcjcs . . . ) = (& 2 & 3 . . . ), 

and D A annihilates every symmetric function whose partition contains no 
part Jc. 

Hence X2 2 here is equivalent to D 2 and all symmetric functions which, when 
expressed in partitions, contain no part 2 are solutions of the equation 

Xl 2 = 0. 

E.g., the covariant (ao 2 a 3 — 3a Oa<x 2 + 2&i 3 ) Xi e -f- . . . 

is annihilated by the quantic covariant operator, because a^a^— 3a $i&2 + 2a 1 3 J 
when transformed, is the symmetric function Sa 3 or (3), the number 2 not 
appearing in the partition. The covariant of deg. 3 and weight 5 in the 
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coefficient is not annihilated because the corresponding partition is (32) ; we 
learn, moreover, that the result of the operation is the co variant of deg. 
weight (3, 3) which corresponds to the partition (3). 

Generally the covariant (ah) 2s a x s b x s 

is converted into (ab) 2s ~ 2 a x s+2 b x s+2 . 

The operator, for the quantic, is, on development, 

^i 4 Oo3 % + 3& A 3 + 6a 2 d ai ) 

—x^x 2 (3<x 3 ai + 2aid az —3a 2 da 3 —12a s da) 

-f Sx x 2 x 2 2 (2a d ch — ai9 0l — 2a 2 9 % — a s d a& + 2agj a ) 

— xix 2 s ( — 3a 4 d tt3 — 2a s d ch -f 3a 2 d ai ■+ 1 2ai9« ) 

+ x£ (a^a 2 + oa s d Ch + Qa 2 d % ) , 

of which the symmetry does not escape attention. 

6. When p = 3 we obtain an annihilator, which has the form 



■Xi 5 X 2 



' n 1 2 )l-2W J^Xla 



+^iV 



H i r ) i -*("T s )»+«(T': 



— ^l 3 «2 3 



A^CiV+ioCt^T 



2 »(I)} 



+ ^2 5 2 |( n Y 2 )l--2W 

— x 2 6 0s, 
operative for all quantics of order not less than 4 
7. The unsymbolic form of the operator 

a x P (xoc)Pa a n -P 



is 



%i*p£I p 



— cr^P l r/u- 



r 



■Xi 



x 2 < 



n 



i : 2p\ 

u 



■^ 



yn 



p-i 



+ X\ 2p 2 x 2 2 < 



7Z-— _p + 2\ T \ 1 I in- 

2 ) l --JjZv 



2p\ 



ya 



p 



p~2 



J 



+ 



58 
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+ . 



+ ( 



+ 



r 



± { -y Xi 2 P -s X2 s\ in-p + sy^ 



I2p — s + 1 

\ J_ Jfn-p + s-V 

(p-s+i\ \ s-i 



w 



+' 



-s + 2' 

9, 



'% 



p — s + 2 

2 



"^"" 2 )I)-+(-) sL 



v 8 IIW 



~\ 



n 



)%!% 2 ^ (™jl- 



p-\-l 

v 1 //'/&' 



V. 



T 



( 



.p 



5- 



/> + 2^ 
l\ w , 2 //•??, 



fp\ \ s 
s 



ya 



p-~s 



J 



2\nr 

p-2)[2 



2 



"-\ 



+ (") 



I2p\/W 
\pj\p 



>■ 



+ (--Y + 'x 1 <x#p-°O p -J 



r / 2p-S+l 

w — p + s\ T \ 1 ] fn—p+s—1 



r 

s 



)I 



s-1 



+ 



p — 5+1 
1 

2p — s+2\ 

\ 2 / M -# + * - 2\ (W\ __ 

/p-s+2\[ s-2 A 2 

9, 



]w 



...+(-)' 



2^ 

s 



s 



> 



r 



1 



K~)^i^- 2 0,-J ( n -P + 2 )i-\ 1 J( n -P + 1 



'2 



L.. 



r 



'p — 1 

'2p\ 



W + 



2p 

\_2 / /AT 

(p 
2 



~\ 



> 



-j 



"\ 



+ (-F +I W*- 1 (V-J ^-^+ 1 \j_L l Jw >• 



V. 



JP 



It will be observed that, reading the rows down the page, the signs are 
alternately positive and negative as far as the middle row (involving x^x 2 v ) 
inclusive ; after that row the signs are alternately negative and positive until 
the last row, which thus has the sign ( — y. 

It is operative for all quantics of order not less than p + 1. 

The Operators 

a5i3* a --Oi. 
8. Cayley, in his introductory memoir upon Quantics, defined a covariant of 
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u x n as a form which is annihilated by each of these operators. By the linear 
transformation are obtained the formulas 

A(^ 2 £i— il a ) — /i2 2 (X 2 Hi— X2 A ) 

+ Vt 2 {XiHi — X 2 S 2 — <>I A — 2W A )} 
— A2 2 (X1/H2— A ), 

A{^i— x 2 % 2 — (nl a — 2W a )} = 2^1/^2 (X 2 Si — O a ) 

+ (^1^2 + ^-2^1) {XiSi — X2S2 — (^I A — 2W A )| 

— 2\iX-2 (X1B2 — A ), 

A (Xl^ — Oa) = — /^ 2 (X 2 Bl— fl A ) 

- X^! { X1S1 - X2H2 - <>I A - 2 W A ) } 
+ X 1 3 (X 1 S 2 -0 A ), 

from which it is clear that a third annihilator of all covariants, viz., 

x x d Xl — x$ X2 — (nl — 2 W), 

should be added to the two of Cayley. 
We derive at once the absolute invariant 

4(a*fi-fli)(®if2-Oi)+ {^i^-^2-(^-2^)} 2 , 

wherein the multiplications are algebraical and not at all operational. 
The symbolic form of this invariant is 

x£ + 2na a n X£ — n 2 a a n b^ n — 4?m/~ x a x ^ -f 2n 2 a a n ~~ * V 1 " ^/A* ; 

where observe that the absence of determinant factors shows that it is 
absolute. 

Observe also that we have already obtained the absolute invariant 

4O 1 1 + (^I-2W) 2 J 
whose symbolic form is n 2 a^ l ~ l h^ n ~ 1 (2a^b a —a a b^). 

This was obtained as the discriminant of the quadratic covariant 

^ x 2 Oi — xix 2 (nl — 2W) — x 2 2 O x 

— ~ C0 X \XCt ) Cl/fc 

It might also have been obtained by taking the ^-discriminant of the 
second polar of this covariant — 

y x 2 a x - y x y 2 (nl - 2 W) - y 2 2 O x 
=:Oy(yct)a a n -\ 
and since the invariantive form 

has the unsymbolic expression 

yi 2 (x 2 tji — Oi) — ym {x^i —x 2 t; 2 — (nl — 2 W) } — yi (x x % 2 — Oi), 
we find the covariant under examination by taking its discriminant. 
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The Operator (a^) ir a x n ~ 7T . 

9. This is of degree one and weight zero in the coefficients and of order 
?i — 2tt in the variables; and p may be any of the integers 1, 2, 3, ... n. 

Writing a x n = /, when it = 1, 

dx\ ax 2 

and, the operand being any covariant <£/* = </>, we obtain 

c^ ^0 df d<p 

dx\ dx 2 dx2 dx\ ' 

which is the Jacobian of / and (£. 

Similarly, if <£"and ^ be any two co variants of orders p and q in the 
variables, the operation of 

p (<j>%) (fix?" 1 upon ty x q 
produces the Jacobian of cf> and -^r, viz., 

C^ City c^ City . 

&i <:.fe 2 dx 2 dxi 5 
and the operation, of Q (ty%) tyx 9 " 1 upon <£/ 

. dylr dd> City dd> 

produces -r^ — -^ — -/- —^ ; 

viz., the same Jacobian with negative sign. 

In other words, the first transvectant (uberschiebung) of <£ over yfr is obtained 

by the operation of 

p (<f>f;) W 1 upon yfr x * t 

and interchange of the forms <£, ty merely changes the sign of the result. 

We may write the theorem in the form 

= pq(cf>f)cf> x P--\f x ^\ 
Passing to the case ?r = 2, we find 

% (w— 1) («^) 2 ^/~ 2 

dxi 2 ^ clxidx 2 dx 2 2 

and thus, if </>/, ^/ be any two covariants, 

p(p-i) (<!>%? 4>f~ 2 .w 

__d?± ^±_ 2 d ^ cp ^ + d2 ^ d ^- 

dx 2 e dx 2 2 dx\dx 2 " dx\dx 2 dx 2 2 @ dxi 2 ! 

= F r^- i)2(?-i) (<f>f) 2 & p ~ 2 fz q - 2 , 

the second transvectant of </> over ^. 
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In general, it is clear that 

£-1 ($£)*<!> J" . W 



IT i 



tt! 

7T ! 7T ! 

or, as it may be otherwise written, 



= (-)'^(^f)»^r»..^, 



(<WY4h?-* fx q ~ n ; 






tt! 



showing that the 7rth transvectant of two forms is obtainable by a pure 
operation upon either of the forms. 

So far as the writer is aware, such a transvection has not hitherto been 
exhibited as the result of a pure operation. The importance of the operational 
invariant 

(agY a, 
is thus evident; 



n— it 
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